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A BSTRACT. In this lecture I will talk about three mathematical puzzles involving mathematics and
computation that have preoccupied me over the years. The third puzzle raises the question: are quantum
computers possible?

1. I NTRODUCTION
Puzzle 3: Are quantum computers possible? A quantum computer is a hypothetical physical device that exploits quantum phenomena such as interference and entanglement in order to enhance
computing power. The study of quantum computation combines fascinating physics, mathematics,
and computer science. In 1994, Peter Shor discovered that quantum computers would make it possible to perform certain computational tasks hundreds of orders of magnitude faster than ordinary
computers and, in particular, would break most of today’s encryption methods. At that time, the first
doubts about the model were raised, quantum systems are of a “noisy” and unstable nature. Peter
Shor himself found a key to a possible solution to the problem of “noise”: quantum error-correcting
codes and quantum fault-tolerance. In the mid-1990s, three groups of researchers showed that “noisy”
quantum computers still make it possible to perform all miracles of universal quantum computing, as
long as engineers succeeded in lowering the noise level below a certain threshold.
A widespread opinion is that the construction of quantum computers is possible, that the remaining
challenge is essentially of an engineering nature, and that such computers will be built in the coming
decades. Moreover, people expect to build in the next few years quantum codes of the quality required
for quantum fault-tolerance, and to demonstrate the concept of ”quantum computational supremacy”
on quantum computers with 50 qubits. My position, is that it will not be possible to construct quantum
codes that are required for quantum computation, nor will it be possible to demonstrate quantum
computational superiority in other quantum systems. Let me explain why.
My analysis is based on the same model of noise that led researchers in the 1990s to optimism about
quantum computation, and it points to the need for different analyses on different scales. My analysis
shows that noisy quantum computers in the small scale (a few dozen qubits) express such a primitive
computational power that it will not allow the creation of quantum codes that are required as building
blocks for quantum computers on a higher scale. Quantum computers are discussed in Section 2,
we first describe the model, then explain the argument for why quantum computers are not feasible,
next we describe predictions for current and near-future devices and finally draw some predictions for
general noisy quantum systems.
Work supported in part by ERC advanced grant 320924, BSF grant 2006066, and NSF grant DMS-1300120.
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F IGURE 1. It is commonly believed that by putting more effort for creating qubits the noise
level can be pushed down to as close to zero as we want. Once the noise level is small
enough and crosses the green “threshold” line, quantum error correction allows logical qubits
to reduce the noise even further with a small amount of additional effort. Very high quality
topological qubits are also expected. This belief is supported by “Schoelkopf’s law” asserting
that roughly every three years, quantum decoherence can be delayed by a factor of ten.

F IGURE 2. My analysis gives good reasons to expect that we will not be able to reach the
green threshold line and that all attempts for good quality logical and topological qubits will
fail. In particular, Schoelkopf’s law will break down before useful qubits could be created.
1.1. Perspective and resources. For books on linear programming see Matoušek and Gärtner (2007)
and Schrijver (1986). See also Schrijver (2003) three-volume book on combinatorial optimization.
For books on convex polytopes see Ziegler’s book (1995) and Grünbaum’s book (1967). For Game
theory let me recommend the books by Maschler, Solan and Zamir (2013) and Karlin and Peres
(2017). For books on computational complexity, the reader is referred to Goldreich (2010, 2008),
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Arora and Barak (2009), and Wigderson (2017, available on the author’s homepage) For books on
Boolean functions and noise sensitivity see O’Donnell (2014) and Garban and Steif (2014). The discussion in Section ?? complements my 7ECM survey article, Boolean functions; Fourier, thresholds
and noise. It is also related to Kalai and Safra’s (2006) survey on threshold phenomena and influence.
For quantum information and computation the reader is referred to Nielsen and Chuang (2000). The
discussion in Section 2 follows my Notices AMS paper (2016) and its expanded version on the arxive (which is also a good source for references). My work has greatly benefited from Internet blog
discussions mainly over Regan and Lipton’s blog, my blog, and Aaronson’s blog.
Remark 1.1. These days, references can easily be found through the authors’ names and year of
publication. Therefore, and due also to space limitations we will give full references only to a few,
recently published, papers.
Remark 1.2. Crucial predictions regarding quantum computers are going to be tested in the near
future, perhaps even in a few months. I hope to post an updated and more detailed version of this
paper (with full bibliography) by the end of 2019.
2. T HE QUANTUM COMPUTER PUZZLE
2.1. Prologue. By the end of 2017, John Martinis’ group is planning to conclude a decisive experiment for demonstrating “quantum supremacy” on a 50-qubit quantum computer. (See: Boxio et
als (2016) arXiv:1608.00263). As they write “A critical question for the field of quantum computing in the near future is whether quantum devices without error correction can perform a well-defined
computational task beyond the capabilities of state-of-the-art classical computers, achieving so-called
quantum supremacy” The group intends to study “the task of sampling from the output distributions
of (pseudo-)random quantum circuits, a natural task for benchmarking quantum computers.” The
objective of this experiment is to fix a pseudo-random circuit, run it many times starting from a given
initial states to create a target state, and then measure the outcome to reach a probability distribution
on 0-1 sequences of length 50. (Of course, this can be done with various initial states.)
The analysis described in this section (based on Kalai and Kindler (2014)) suggests that the outcome
of this experiment will have vanishing correlation with the outcome expected on the “ideal” evolution,
and that the experimental outcomes are actually very very easy to simulate classically. They represent
distributions that can be expressed by low degree polynomials.
As a matter of fact, testing quantum supremacy via pseudorandom circuits (against the alternative
analysis), can be carried out already with a smaller number of qubits (See ??). Even the 9-qubit
experiment (Neil et als (2017)arXiv:1709.06678) should be examined.
The argument for why quantum computers are infeasible is simple.
First, to the answer to the question whether quantum devices without error correction can perform
a well-defined computational task beyond the capabilities of state-of-the-art classical computers, is
negative. The reason is that devices without error correction are computationally very primitive, and
primitive-based supremacy is implausible.
Second the task of creating quantum error-correcting codes is harder than the task of demonstrating
quantum supremacy,
These matters are discussed in this section which presents my research since 2005. It is possible,
however, that decisive evidence against my analysis will be announced or presented in a matter of a
few days. This is a risk I and the reader will have to take. (Of course, for such a major scientific
project a delay of a few months and even a couple of years will be reasonable.)
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F IGURE 3. Quantum supremacy via osedo-random circuits can be tested for 10-50 qubits.
The orange line represents the limit for classical computers. Kalai, Kindler (2014) suggests
close-to-zero correlation between the experimental results and outcomes based on the noiseless evolution, and further suggest that the experimental results are very easy to simulate (the
green line).
2.2. Quantum computers and noise.
2.2.1. Quantum circuits. Recall that the basic memory component in classical computing is a “bit,”
which can be in two states, “0” or “1.” A computer, as modeled by a Boolean circuit, has n bits and
it can perform certain logical operations on them. The NOT gate, acting on a single bit, and the AND
gate, acting on two bits, suffice for universal classical computing. This means that a computation
based on another collection of logical gates, each acting on a bounded number of bits, can be replaced
by a computation based only on NOT and AND. Classical circuits equipped with random bits lead
to randomized algorithms, which, as mentioned before, are both practically useful and theoretically
important. Quantum computers allow the creation of probability distributions that are well beyond
the reach of classical computers with access to random bits.
A qubit is a piece of quantum memory. The state of a qubit can be described by a unit vector in
a two-dimensional complex Hilbert space H. For example, a basis for H can correspond to two
energy levels of the hydrogen atom, or to horizontal and vertical polarizations of a photon. Quantum
mechanics allows the qubit to be in a superposition of the basis vectors, described by an arbitrary unit
vector in H. The memory of a quantum computer (“quantum circuit”) consists of n qubits. Let Hk
be the two-dimensional Hilbert space associated with the kth qubit. The state of the entire memory
of n qubits is described by a unit vector in the tensor product H1 ⊗ H2 ⊗ · · · ⊗ Hn . We can put one
or two qubits through gates representing unitary transformations acting on the corresponding two- or
four-dimensional Hilbert spaces, and as for classical computers, there is a small list of gates sufficient
for universal quantum computing. Several universal classes of quantum gates are described in Nielsen
and Chuang (2000) [Ch. 4.5]. At the end of the computation process, the state of the entire computer
can be measured, giving a probability distribution on 0–1 vectors of length n.
A few words on the connection between the mathematical model of quantum circuits and quantum
physics: in quantum physics, states and their evolutions (the way they change in time) are governed
by the Schrödinger equation. A solution of the Schrödinger equation can be described as a unitary
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process on a Hilbert space and quantum computing processes of the kind we just described form a
large class of such quantum evolutions.
Remark 2.1. The gates for the IBM quantum computer are eight very basic one-qubit gates, and the
2-qubit CNOT gate according to a certain fixed directed graph. This is a universal system and in fact,
an over complete one.
2.2.2. Noise and fault-tolerant computation. The main concern regarding the feasibility of quantum
computers has always been that quantum systems are inherently noisy: we cannot accurately control
them, and we cannot accurately describe them. The concern regarding noise in quantum systems as
a major obstacle to quantum computers was put forward in the mid-90s by Landauer (1995), Unruh
(1995), and others.
What is noise? As we said already, solutions of the Schrödinger equation (“quantum evolutions”)
can be regarded as unitary processes on Hilbert spaces. Mathematically speaking, the study of noisy
quantum systems is the study of pairs of Hilbert spaces (H, H 0 ), H ⊂ H 0 , and a unitary process on the
larger Hilbert space H 0 . Noise refers to the general effect of neglecting degrees of freedom, namely,
approximating the process on a large Hilbert space by a process on the small Hilbert space. For
controlled quantum systems and, in particular, quantum computers, H represents the controlled part
of the system, and the large unitary process on H 0 represents, in addition to an “intended” controlled
evolution on H, also the uncontrolled effects of the environment. The study of noise is relevant, not
only to controlled quantum systems, but also to many other aspects of quantum physics.
A second, mathematically equivalent way to view noisy states and noisy evolutions, is to stay with
the original Hilbert space H, but to consider a mathematically larger class of states and operations. In
this view, the state of a noisy qubit is described as a classical probability distribution on unit vectors
of the associated Hilbert spaces. Such states are referred to as mixed states.
It is convenient to think about the following simple form of noise, called depolarizing noise: in every
computer cycle a qubit is not affected with probability 1 − p, and, with probability p, it turns into the
maximal entropy mixed state, i.e., the average of all unit vectors in the associated Hilbert space.
Remark 2.2. It is useful to distinguish between the model error rate which is p in this example, and
the effective error rate: the probability that a qubit is corrupted at a computation step, conditioned on
it having survived up to this step. The effective error rate depends not only on the model error rate
but also on the computation sequence. When the computation is non trivial (for example, for random
computation sequences) the effective error rate grows linearly with the number of qubits. This is a
familiar fact that is taken into account by the threshold theorem described below. Mathematically,
this reflects the difference between error rate in terms of trace-distance (bounded variation) and error
rate in terms of qubit-errors. For trace distanced based rate there is no difference between model error
rate and effective error rate. When the number of qubits grow and once quantum fault tolerance is in
place, effective error-rate becomes proportional to model error-rate.
To overcome noise, a theory of quantum fault-tolerant computation based on quantum error-correcting
codes was developed – see Nielsen and Chuang (2000) [Ch. 10]. Fault-tolerant computation refers to
computation in the presence of errors. The basic idea is to represent (or “encode”) a single piece of
information (a bit in the classical case or a qubit in the quantum case) by a large number of physical
components, so as to ensure that the computation is robust even if some of these physical components
are faulty.
Theorem 2.3 (Threshold theorem (informal statement) (Aharonov Ben-Or (1997), Kitaev (1997),
Knill, Laflamme Zurek (1998)). When the level of noise is below a certain positive threshold ρ, noisy
quantum computers allow universal quantum computation.
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F IGURE 4. The optimistic hypothesis: Classical fault-tolerance mechanisms can be extended, via quantum error-correction, allowing robust quantum information and computationally superior quantum computation. Drawing by Neta Kalai.

F IGURE 5. The pessimistic hypothesis: Noisy quantum evolutions, described by lowdegree polynomials, allow, via the mechanisms of averaging/repetition, robust classical
information and computation, but do not allow reaching the starting points for quantum
supremacy and quantum fault-tolerance. Drawing by Neta Kalai.
Theorem 2.3 shows that once high quality quantum circuits are built for roughly 100-500 qubits then
it will be possible in principle to use quantum error-correction codes to amplify this achievement for
building quantum computers with unlimited number of qubits. The interpretation of this result took
for granted that quantum computers with a few tens of qubits are feasible and this is incorrect.
Let A be the maximal number of qubits for which a reliable quantum circuit can be engineered. Let B
be the number of qubits required for good quantum error-correcting codes needed for quantum fault
tolerance. B is in the range of 100-1000 qubits.
The optimistic scenario A > B
The pessimistic scenario B > A
As we will see, there are good theoretical reasons for the pessimistic scenario (even for B  A)
as well as interesting consequences from it. We emphasize that both scenarios are compatible with
quantum mechanics.
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2.3. Complexity 6: quantum computational supremacy.
2.3.1. FACTORING is in BQP. Recall that computational complexity is the theory of efficient computations, where “efficient” is an asymptotic notion referring to situations where the number of computation steps (“time”) is at most a polynomial in the number of input bits. We already discussed the
complexity classes P and NP, and let us (abuse of notation and) allow to add classical randomization
to all complexity classes we discuss. There are important intermediate problems between P and NP.
FACTORING – the task of factoring an n-digit integer to its prime decomposition is not known to be
in P, as the best algorithms are exponential in the cube root of the number of digits. FACTORING is
in NP, hence it is unlikely that factoring is NP-complete. Practically, FACTORING is hard and this is
the basis to most of current cryptosystems.
The class of decision problems that quantum computers can efficiently solve is denoted by BQP.
Shor’s algorithm shows that quantum computers can factor n-digit integers efficiently – in ∼ n2
steps! Quantum computers are not known to be able to solve NP-complete problems efficiently, and
there are good reasons to think that they cannot. However, quantum computers can efficiently perform
certain computational tasks beyond NP and even beyond PH.
The paper by Shor (1994) presenting an efficient factoring algorithm for quantum computers is among
the scientific highlights of the 20th century, with immense impact on several theoretical and experimental areas of physics.
2.3.2. Fourier sampling, boson sampling and other quantum sampling. As mentioned in Section ??
exact and approximate sampling are important algorithmic tasks on their own and as subroutines for
other tasks. Quantum computers enable remarkable new forms of sampling. Quantum computers
would allow the creation of probability distributions that are beyond the reach of classical computers
with access to random bits. Let Quantum Sampling denote the class of distributions that quantum
computer can efficiently sample.
An important class of such distributions is Fourier Sampling. Start with a Boolean function f . (We
can think about f (x) as the winner in HEX.) If f is in P then we can classically sample f (x) for a
random x ∈ Ωn . With quantum
P computers we can do more. A crucial ability of quantum computers
is to prepare a state 2−n/2 · f (x)|x > which is a superposition of all 2n vectors weighted by the
value of f . Next a quantum computer can easily take the Fourier transform of f and thus sample
exactly a subset S according to fˆ2 (S). This ability of quantum computers goes back essentially to
Simon (1995), and is crucial for Shor’s factoring algorithm.
Another important example is Boson Sampling that refers to a class of probability distributions
representing a collection of non-interacting bosons, that quantum computers can efficiently create.
textscBoson Sampling was introduced by Troyansky and Tishby (1996) and was intensively studied
by Aaronson and Arkhipov (2013), who offered it as a quick path for experimentally showing that
quantum supremacy is a real phenomenon.
Given an n by n matrix A,
the permanent
P let det(A) denote
Qn the determinant of A, and
Pper(A)
Qdenote
n
of A. Thus det(A) =
sgn(π)
a
,
and
per(A)
=
a
π∈Sn
i=1 iπ(i) 
π∈Sn
i=1 iπ(i) . Let M be
m
a complex n × m matrix, m ≥ n. Consider all n subsets S of n columns, and for every subset
consider the corresponding n×n submatrix A. The algorithmic task of samplingsubsets S of columns
according to |det(M 0 )|2 is called FermionSampling. Next consider all m+n−1
sub-multisets S of n
n
columns (namely, allow columns to repeat), and for every sub-multiset S consider the corresponding
n × n submatrix A (with column i repeating ri times). BosonSampling is the algorithmic task of
sampling those multisets S according to |per(A)|2 /(r1 !r2 ! · · · rn !).
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2.3.3. Hierarchy collapse theorems. Starting with Terhal and DiVincenzo (2004) there is a series of
works showing that it is very unreasonable to expect that a classical computer can perform quantum sampling even regarding distributions that express very limited quantum computing. (Of course
quantum computers can perform these sampling tasks).
Theorem 2.4 (Terhal and DiVincenzo (2004), Aaronson and Arkhipov (2013), Bremner, Jozsa, and
Shepher (2011)). If a classical computer can exactly sample according to either i General Quantum
Sampling, (ii) Boson sampling, (iii) Fourier Sampling, (iv) Probability distributions obtained by
bounded depth polynomial size quantum circuits –
then the polynomial hierarchy collapses.
The basic argument is to show that if a classical computer allows any of the sampling tasks listed
above is equipped with an with an NP oracle, then it is able to efficiently perform #P-complete
computations. This will show that the class #P that includes PH already collapses to the third level
in the polynomial hierarchy.
2.4. Computation and physics 1.
2.4.1. Variants on the Church-Turing thesis. The famous Church-Turing hypothesis (CTT) asserts
that everything computable is computable by a Turing machine. Although, initially this was a thesis
about computability, there were early attempts to relate it to physics, namely to assert that physical
devices obeys the Church-Turing hypothesis. The efficient (or strong) Church-Turing thesis in the
context of feasible computations by physical devices was considered early on by Wolfram (1985),
Pitowski (1990) and others. It asserts that only efficient computations by a Turing machine are feasible physical computation, and it is violated by quantum computers. The pessimistic scenario brings us
back to the efficient Church-Turing hypothesis, and, in addition, it proposes even stronger limitation
for “purely quantum processes” (suggested by Kalai Kindler (2014)).
Unitary evolutions that can be well-approximated by physical devices, can be approximated by low degree polynomials, and are efficiently learnable.
The following NPBS-principle (no primitive-based supremacy) seems largely applicable in the interface between practice and theory in the theory of computing.
Devices that express (asymptotically) primitive (low-level) computational power cannot be engineered or programmed to achieve superior computational tasks.
2.4.2. What even quantum computers cannot achieve and the modeling of locality. The model of
quantum computers already suggests important limitations on what local quantum systems can compute.
• Random unitary operations on large Hilbert spaces. A quantum computer with n qubits
cannot reach a random unitary state since reaching such a state requires exponential number
of computer cycles. (Note also that since an -net of states for n-qubits quantum computer
requires a set of size doubly exponential in n, most states are beyond reach for a quantum
computer.)
• Reaching ground states for complex quantum systems. A quantum computer is unlikely to
be able to reach the ground state of a quantum system (that admit efficient description). As
a matter of fact, teaching a ground state is already NP-complete even for classical systems.
(For quantum computing the relevant complexity class is even larger QMA.)
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These limitations are based on the model of quantum computers (and the second also on NP 6= P)
and thus do not formally follow from the basic framework of quantum mechanics (for all we know).
They do follow from a principle of “locality” asserting that quantum evolutions express interaction
between small number of physical elements. This principle is modeled by quantum computers, and
indeed a crucial issue in the debate on quantum computers is what is the correct modeling of local
quantum systems. Let me mention three possibilities.
(A) The model of quantum circuits is the correct model for local quantum evolutions. Quantum
computers are possible, the difficulties are matters of engineering, and quantum computational supremacy is amply manifested in quantum physics.
(B) The model of noisy quantum circuits (see below) is the correct model for local quantum evolutions. In view of the threshold theorem, quantum computers are possible and the remaining
difficulties are matters of engineering.
(C) The model of noisy quantum circuits is the correct model for local quantum evolutions, and
further analysis suggests that the threshold in the threshold theorem cannot be reached. Quantum circuits with noise above the threshold is the correct modeling of noisy quantum systems,
and quantum computational supremacy is an artifact of incorrect modeling of locality.
Computational complexity insights (and some common sense) can assist us to decide between these
possibilities, While each of them has its own difficulties, in my view the third one is correct.
2.4.3. Feynman’s motivation for quantum computing.
Conjecture 1 (Feynman’s (1982) motivation for quantum computation). Computations (often Feynmanndiagram based) in modern quantum field theory and especially computations in QED (quantum electrodynamics) and QCD (quantum chromodynamics) can be carried out efficiently by quantum computers.
This question touches on the important mathematical question of giving rigorous mathematical foundations for QED and QCD computations. Finding efficient quantum computation for these physics
computation will be an important while indirect step toward putting these theories on rigorous mathematical grounds. Jordan, Lee, and Preskill (2012, 2014) found an efficient algorithm for certain
computations in (φ4 ) quantum field theory for cases were a rigorous mathematical framework is
available.
2.5. The low scale analysis: Why quantum computers cannot work.
2.5.1. Noisy systems of non interacting photons.
Theorem 2.5 (Kalai and Kindler (2014)). When the noise level is constant, textscBoson Sampling
distributions are well approximated by their low-degree Fourier–Hermite expansion. Consequently,
noisy BosonSampling can be approximated by bounded-depth polynomial-size circuits.
It is reasonable to assume that for all proposed implementations of BosonSampling the noise level is
at least a constant, and therefore, an experimental realization of BosonSampling represents, asymptotically, bounded-depth computation. In fact noisy B OSON S AMPLING belongs to a computationa
class LDP (sampling problems approximated by bounded degree polynomials) which is well below
AC0 . The next theorem shows that implementation of BosonSampling will actually require pushing
down the noise level to below 1/n.
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F IGURE 6. Quantum computers offer mind-boggling computational superiority
(left), but in the small scale, noisy quantum circuits are computationally very weak,
unlikely to allow quantum codes needed for quantum computers (right).
Theorem 2.6 (Kalai and Kindler (2014)). When the noise level is ω(1/n), and m  n2 , BosonSampling is very sensitive to noise with a vanishing correlation between the noisy distribution and the
ideal distribution.1
2.5.2. Noisy quantum circuits.
Conjecture 2. (i) The insights for noisy B OSON S AMPLING apply to all versions of realistic forms
of noise for non interactive bosons.
(ii) These insights extend further to quantum circuits and other quantum devices in the small scale.
(iii) These insights extend even further to quantum devices, including microscopic processes, that do
not use quantum error-correction
(iv) This deems quantum computational supremacy and the needed quantum error correction codes
impossible
The first item seems quite a reasonable extension of Theorem 2.5. In fact the argument applies with
small changes for a physical modeling of mode-mismatch noise. (When bosons are not fully indistinguishable.) Each item represents quite a leap from the previous one. The last item expresses the
idea that superior computation cannot be manifested by primitive asymptotic computational power.
Theorem 2.5 put noisy B OSON S AMPLING in a very low-level class, LDP even well below AC0 .
It is not logically impossible but still quite implausible that such a primitive computing device will
manifest superior computing power for 50 bosons.
Remark 2.7. Why robust classical information and computation is possible and ubiquitous. The ability to approximate low-degree polynomials still supports robust classical information. The majority
Boolean function allows for very robust bits based on a large number of noisy bits and admits excellent low-degree approximations. Both encoding (by some repetition procedure) and decoding (by
majority or a variation of majority) needed for robust classical information are supported by bounded
degree polynomials.
1The condition m  n2 can probably be removed by a more detailed analysis.
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2.6. Predictions regarding intermediate goals and near-term experiments.
• Demonstrating quantum supremacy. A demonstration of quantum computing supremacy,
namely crossing the line where classical simulation is possible requires building of quantum
circuits of 50-70 qubits and applying a sequence of random computational cycles on them.
This idea can be tested already for quantum circuits with 10-30 qubits, and Google plans a
decisive demonstration on 50 qubits by the end of 2017, namely in ten days. (Given my own
difficulties to meet the deadline for this paper we cannot learn too much from some delays.)
Quantum supremacy could be demonstrated via implementation of B OSON S AMPLING and
in various other ways. Principle NPBS suggests that these attempts will fail.
• Robust quantum qubits via quantum error-correction. The central goal towards quantum
computers is to build logical qubits based on quantum error-correction, and a major effort is
made to demonstrate a distance-5 surface code which requires 100 or so qubits. It is now
commonly agreed that this task is harder than “simply” demonstrating quantum computational supremacy. Therefore, principle NPBS suggests that these attempts will fail as well.
• (a) Good quality individual qubits and gates (and anyonic qubits). The quality of individual qubits and gates is the major factor in the quality of quantum circuits built from them.
The quantum computing analogue of Moore’s law, known as “Schoelkopf’s law” asserts that
roughly every three years, quantum decoherence can be delayed by a factor of ten. The analysis leading to the first two items suggests that Schoelkopf’s law will break before reaching
the quality needed for quantum fault tolerance and quantum computing. This is an indirect
argument. More directly, the microscopic process leading to the qubits also (for all we know)
represents low level complexity power. This last argument also sheds doubt on hopes of
reaching robust quantum qubits via anyons.
2.7. Computation and physics 2: nosy quantum systems above the noise threshold. A basic
premises for studying noisy quantum evolutions under the pessimistic scenario is first that the emerged
modeling is implicit; namely, it is given in terms of conditions that the noisy process must satisfy. Second, there are systematic relations between the (effective) noise and the entire quantum evolution and
also between the target state and the noise.
2.7.1. Correlated errors and error synchronization. The following prediction regarding noisy entangled pairs of qubits (or “noisy cats”) is perhaps the simplest prediction on noisy quantum circuits
under the pessimistic scenario. Entanglement is a name for quantum correlation, and it is an important feature of quantum physics and a crucial ingredient of quantum computation. A cat state of the
form √12 |00i + √12 |11i represents the simplest (and strongest)form of entanglement between two
qubits.
Prediction 1: Two-qubits behavior. For any implementation of quantum circuits cat states are
subject to qubit errors with substantial positive correlation.
Error synchronization refers to a substantial probability that a large number of qubits, much beyond the average rate of noise, are corrupted. When quantum fault-tolerance is in place errorsynchronization is an extremely rare event. (For the effective noise as well as for the model noise.)
Prediction 2: Error synchronization. For a sequence of random computation cycles highly synchronized errors will necessarily occur.
Remark 2.8. Both predictions 1 and 2 can already be tested via the quantum computers of Google,
IBM and others. (It will be interesting to test it even on gated qubits, where it is not in conflict with
the threshold theorem, but may still be relevant to the required threshold constant.)
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2.7.2. Modeling general noisy quantum systems. Prediction 3: Bounded-degree approximations,
and effective learnability. Unitary evolutions that can be approximated by noisy quantum circuits
(and other devices) are approximated by low degree polynomials and are efficiently learnable.
Prediction 4: Rate. For a noisy quantum system a lower bound for the rate of noise in a time
interval is a measure of non-commutativity for the projections in the algebra of unitary operators in
that interval.
Prediction 5: Convoluted time smoothing. Quantum evolutions are subject to noise with a substantial correlation with time-smoothed evolutions.
Time-smoothed evolutions form an interesting restricted class of noisy quantum evolutions aimed for
modeling evolutions under the pessimistic scenario when fault-tolerance is unavailable to suppress
noise propagation. The basic example for time-smoothing is the following: start with an ideal quantum evolution given by a sequence of T unitary operators,Qwhere Ut denotes the unitary operator for
−1
the t-th step, t = 1, 2, . . . T . For s < t we denote Us,t = t−1
i=s Ui and let Us,s = I and Ut,s = Us,t .
The next step is to add noise in a completely standard way: consider a noise operation Et for the t-th
step. We can think about the case where the unitary evolution is a quantum computing process and
Et represents a depolarizing noise with a fixed rate acting independently on the qubits. And finally,
replace Et with a new noise operation Et0 defined as the average

(2.1)

Et0

T
1 X
−1
Us,t Es Us,t
.
= ·
T
s=1

Predictions 1-5 are implicit and describe systematic relations between the (effective) noise and the
evolution. We expect that time-smoothing will suppress high terms for some Fourier-like expansion,
thus relating Predictions 3 and 5. We also note that Prediction 4 resembles the picture drawn by
Polterovich (2007) of the “unsharpness principle” in symplectic geometry, quantization and quantum
noise.
Remark 2.9. Let me list (For more detailed see Kalai (2016, expanded)) a few features of noisy quantum evolutions and state “above the threshold.” Understanding the mathematical connections between
these features and (a) Symmetry Noisy quantum states and evolutions are subject to noise that respects
their symmetries. (b) Entropy lower bounds Within a symmetry class of quantum states/evolutions (or
for classes of states defined in a different way), there is an absolute positive lower bound for entropy.
(c) Geometry. Quantum states and evolutions reveal some information on the geometry of (all) their
physical realizations. (d) Fluctuation. Fluctuations in the rate of noise for interacting N -element
√
systems (even in cases where interactions are weak and unintended) scale like N and not like N .
(e) time The difficulty in implementing a quantum computing process is not invariant under reversing
time.
3. N OSTER COMPUTATIONALIS MUNDUS (O UR COMPUTATIONAL WORLD )
The emerging picture from our analysis is that the basic computational power of quantum devices is
very limited: unitary evolutions described by noisy local quantum devices are confined to low degree
polynomials. It is classical information and computation which emerge via noise-stable encoding
and decoding processes that enable the wealth of computation witnessed in nature.This picture offers
many challenges, in the mathematical, physical, and computational aspects. Those can serve as a
poor man’s replacement for quantum supremacy dreams.
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4. C ONCLUSION
We talked about three fascinating puzzles on mathematics and computation, telling a story which
involves pure and applied mathematics, theoretical computer science, games of various kinds, physics,
and social sciences. The connection and tension between the pure and the applied, between models
and reality, and the wide spectrum between foundations and engineering is common to all of our
three puzzles. We find great expectations, surprises, mistakes, disappointments and controversies at
the heart of our endeavor along the process of seeking the truth and looking for understanding in our
logical, physical, and human reality,
In our sweet professional lives, being wrong while pursuing dreams unfounded in reality, is sometimes
of value, and second only to being right.
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