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Commutative algebra turned out to be a powerful tool to study enu-
merative and extremal combinatorial problems. It is especially useful in
connections with graded combinatorial objects such as polytopes, simplicial
complexes and arrangements of hyperplanes. In various situations, commuta-
tive algebra not only provide answers to basic questions but put the questions
in what appears to be their right context. In this summary I will describe
some problems and developments in this line of research.

Some very successful rings for combinatorial applications are the Stanly-
Reisner ring (the face ring) of a simplicial complex and the Orlik-Solomon
algebra associated to arrangements. The Cohen- Macaulay property turned
out to be extremely important for combinatorics and so are also notions
related to generic initial ideals, Gröbner bases, algebraic shifting, etc.

Towards a Homological VC-dimension

The questions discussed here are part of a long term project with Roy Meshu-
lam. Discussions with Jiri Matousek and Tomas Kaiser were also very helpful.

Let K be a simplicial complex. We denote by fi(K) the number of i-
dimensional faces of K and by bi(K) the ith Betti number of K. b(K)
denotes the sum of the Betti numbers of K.

Definition 1. A family of simplicial complexes is strongly hereditary if it is
closed under induced subcomplexes and links.

(An induced subcomplex of a simplicial complex K is obtained by taking
a subset U of the vertices and all faces contained in U .)

Definition 2. A strongly hereditary family of simplicial complexes has HVC-

dimension d with constant A if for every complex K in the family with n

1



vertices
b(K) < A · nd.

CONJECTURE 1: If K has HVC dimension d then so is its algebraic
shifting (GIN).

Recent works of Bayer, Charalambous ,Popescu, Aramova,Herzog and
Hibi [7, 2, 3, 4] give the ultimate generalization for what we know on face-
numbers/Hilbert polynomials/Generic initial ideals/Algebraic shifting for Cohen-
Macaulay like complexes. These works give a very good description of in-
variants that are preserved under algebraic shifting. I hope that the methods
used by these authors can be used to settle Conjecture 1.

An example of hereditary family of simplicial complexes of HVC-dimension
d is the class of d-Leray complexes:

Definition 3. A simplicial complex K is d-Leray if for every induced sub-
complex K ′,

Hi(K
′) = 0,

for every i ≥ d.

It follows from commutative algebra considerations (and as a very special
case of the results mentioned above) that the property of being d-Leray
is preserved under shifting. We describe now an important combinatorial
consequence.

Definition 4. A class K of simplicial complexes satisfy the fractional Helly

property of order d if for every t > 0 there is s = s(t) > 0 such that for every
K ∈ K, with f0(K) = n

fd(K) ≥ t ·

(

n

d + 1

)

implies that
dim K ≥ s · d.

The fact that d-Leray complexes are preserved under algebraic shifting im-
plies that they satisfy a fracional Helly property of order d. Fractional Helly
theorems have further important combinatorial applications, e.g. concerning
the connection between covering numbers and fractional covering numbers,
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see [1]. See also [17] for much background on Helly-type theorems and also
for the original notion of VC-dimension and its combinatorial significance.

CONJECTURE 2: The class of simplicial complexes K with HVC-
dimension d, with constant A , satisfies a fractional Helly theorem of order
d.

CONJECTURE 3: Let A be a fixed positive constant. Consider families
M of sets in Rd such that if L is the intersection of m sets in M then
b(L) ≤ A · (md). Then the nerve of M has HVC-dimension d.

CONJECTURE 4: In conjectures 1,2,3,4 we can replace b(K)- the sum
of Betti numbers, by χ(K) - the Euler characteristic of K.

(If we based HVC-dimension on the Euler characteristic rather than the
sum of Betti numbers it becomes a purely combinatorial object).

Are all spheres Lefschetz?

One of the most outstanding conjectures in commutative combinatorial al-
gebra (see also [21]) asserts that all Gorenstein∗ face rings are Lefschetz. A
Gorenstein∗ face rings are the face rings of homology sphere K (in the widest
sense of the word). The Lefschetz property is a profound property of the face
ring: Suppose that K is a (d − 1)-dimensional Gorenstein∗ complex and let
R(K) be its face ring. Let θ1, θ2, . . . , θd a generic system of parameters which
are linear forms. Let

H(K) = ⊕d
i=0Hi(H) = R(K)/ < θ1, θ2, . . . , θd >,

and let hi = dim Hi(K). It follows from the fact that K is Gorenstein∗ that
hi = hd−i. The conjecture is that for an additional generic linear form ω,

ωd−2i : Hi(K) → Hd−i(K)

(the map is by multiplication) is an isomorphism.
When K is the boundary complex of a simplicial (rational) polytope the

hard Lefschetz theorem for the associated toric variety implies that K is Lef-
schetz. (This is the reason for this name.) The conjecture that all Gorenstein∗

complexes are Lefschetz would imply the ”g-conjecture” for spheres, namely
a complete description of face numbers of simplicial spheres. Once proved,
various far-reaching extensions of this problem are waiting to be attacked
but at present it is open even for d = 5.
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Face rings for polyhedral complexes - a Massey answer?

A very early connection between commutative algebra and combinatorics is
the characterization by Macaulay of f -vectors of order ideal of monomials (=
Hilbert functions of standard polynomial rings). A similar characterization
by Kruskal-Katona of f vectors of simplicial complexes provided a complete
description of Hilbert functions of exterior face rings. It turns out that nu-
merical conditions given by Macaulay and Kruskal-Katona theorems extend
to much more general combinatorial objects such as polyhedral complexes
(and much beyond them), see [22, 19] but a notion of a face ring is missing.

Perhaps we need a structure which is weaker than a ring (and yet had
the same consequences on the face numbers/Hilbert functions). One example
that come to mind is Massey product in algebraic topology [16] (there are
other ”products” in algebraic topology which are similar.). You have a graded
vector space ⊕H i and the product of two elements x ∈ Hj and y ∈ Hk is
defined in Hj+k only modulo some subspace of Hj+k.

PROBLEM 5: Define an abstract notion of a graded ”ring” (with am-
biguous product) that is strong enough to imply Macaulay’s inequalities (and
Kruskal-Katona inequalities in the exterior or square free cases).

(Massey-like ?) product on toric intersection homology

The Lefschetz property of boundary complexes of simplicial polytopes extend
in a beautiful complicated way to non simplicial polytopes using intersec-
tion homology of toric varieties. For some of the involved combinatorics see
[21, 10]. Recently, a direct construction of graded modules which apply for
arbitrary polytopes was achieved by Barthel, Brasselet, Fieseler and Kaup
[5] and by Bressler and Lunts [8] and a direct proof for the Lefschetz prop-
erty which apply even for nonrational polytopes was given by Karu [14]. The
”combinatorial” definition of the intersection homology module has strong
commutative algebra ingredients. (So far, these definition relies in a strong
way on the geomety of the polytope and an extension for polyhedral spheres
is not known.)

The ”g-conjecture” that we mentioned before relies on the Lefschetz prop-
erty and also on the ring structure of the face ring (or the cohomology of the
associeted toric variety). There is some evidence (see [10], [6]) that the
Macaulay-type inequalities which follow from the ring structure continue to
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apply for the for the general case. However, no ring structure on intersection
homology that can imply these relations is known or even expected. Per-
haps one should look for some weaker form of product so Problem 5 can be
relevant also here.

Other topics

Clique complexes and the Charney - Davis conjecture

Clique complexes are defined as follows. We start with a graph G and form
the simplicial complex whose faces are sets of vertices of G which form a
complete graph in G. (Other related constructions where you replace the
word ”complete” by another property like ”bipartite”, ”perfect”, etc) are
also of interest. There are important results and many problems concerning
such complexes. Conjectures 1,2 and 4 above are of much interest for the
special case of clique complexes.

The Charney-Davis conjecture is a beautiful combinatorial problem con-
cerning face numbers of simplicial spheres which are also clique (flag) com-
plexes. See [20] and references cited there. It can be regarded as a strong form
of inequalities derived from the Lefschetz property. Commutative-algebraic
approaches are proposed in [21], [20].

Khovanskii’s Upper bound theorem

Khovanskii [15] extended the classic upper bound theorem (UBT) to describe
an upper bound theorem for simplicial d-polytopes which are obtained as a
section of a polytope Q. (The classical UBT is the case where Q is a simplex.
The answer depends on the face numbers of Q) Khovanslii’s motivation was
to show that certain hyperbolic reflection groups do not exist in high dimen-
sions.

PROBLEM 6: Extend Khovanskii’s theorem:

• a) to the context of simplicial spheres (you have to find what is the
analog of ”section”),

• b) to give a complete description of the face numbers of P in terms of
those of Q

• c) for general polytopes.
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Braden (unpublished) had some results on part c).

Missing faces and Betti numbers

A remarkable result by Migliore and Nagel [18] describes the maximum val-
ues of Betti numbers for Stanley-Reisner rings of simplicial polytopes (and
Lefschetz spheres.) The extremal cases are the Billera-Lee polytopes [9] con-
structed for proving the sufficiency part of the g-conjecture.

Using a formula by Hochester for these Betti numbers this result has a
concrete combinatorial statement which I expect will have many combina-
torial applications. It appears to include as a special case an upper bound
for the number of i-dimensional missing faces of a simplicial polytope with a
prescribed f -vector.
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